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Abstract. We explicitly model entanglement as a kind of parallelism under the framework of reversible 
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1. Introduction 

The combination of quantum computing and classical computing under a same formal framework is at¬ 
tractive. We accomplished this work in qACP [13] . which is algebraic axiomatization. And we explicitly 
modeling entanglement as a kind of parallelism in qACP [15] . since entanglement is a unique pattern in 
quantum computing. 

Now, it is the turn of reversible computation. We also accomplished an algebraic axiomatization for 
reversible computation, which is called RACP m, and we found that reversible quantum computing and 
reversible classical computing can also be unified under the framework of the so-called qRACP m- But, how 
to explicitly model entanglement under the framework of reversible quantum computing? We try to solve 
this problem in this paper. Explicit modeling of Entanglement under the framework of reversible quantum 
computing is quite different to that of quantum computing, for example, the shadow constant is unnecessary 
under the framework of reversible quantum computing. 

This paper is organized as follows. In section 2, we introduce some preliminaries, including entanglement 
in quantum mechanics, structural operational semantics, and reversible quantum process algebra qRACP. 
We model entanglement as a kind of parallelism in section 3 and extend this new kind of parallelism into the 
whole qRACP in section 4. In section 5, we verify a quantum protocol which mixes quantum information 
(with entanglement) and classical information. Finally, we conclude this paper in section 6. 
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2. Preliminaries 

For convenience of the reader, we introduce some basic concepts about entanglement in quantum mechanics 
and quantum computing (Please refer to |13] for details), structural operational semantics in reversible 
quantum computing [IB] . 


2.1. Entanglement in Quantum Mechanics and Quantum Computing 

Quantum information are carried by particles. The simplest non-trivial quantum system is the quantum bit 
or qubit. A qubit’s state space is the 2-dimensional space which is denoted as Q. The space Q is equipped 
with a standard basis composed with |0) and |1). The tensor product of Q is Q <8> Q for the space of two 
qubits and its standard basis composed with the four vectors ]00), ]01), 110) and |11). Another important 
basis for Q <g> Q is called Bell states or EPR states , which contains the four vectors: 


A= _L(|00) + |11» 

= Y ( | 00 )_|11)) 

/3 3 =-^(|01> + |10» 

/3 4 = -^(|oi>-|io» 

The elements of Bell states are entangled states, which represent systems which are correlated with each 
other. And many quantum protocols and quantum computation can derive extra power of entanglement, 
since it is unique for quantum computing. 


2.2. Structural Operational Semantics and Its Relation to Reversible Quantum 
Processes 

Definition |2.2[l (Quantum process configuration). A quantum process configuration 10000 
rani Dana 0 m is defined to be a pair (p, g ), where p is a process (graph) called structural part of 
the configuration, and g 6 2?("H) specifies the current state of the environment, which is called its quantum 
part. 


Definition 2.2.2 (Quantum process graph). A quantum process (graph) (p, g) is an LTS in which 

one state s is elected to be the root. If the LTS contains a transition s s' , then (p, g) —>■ {p',g') where 
(p', g') has root state s'. Moreover, if the LTS contains a transition sP, then (p, g)P. (1) A quantum process 
(p 0 , go) is finite if and only if the process po is finite. (2) A quantum process (po, go) is regular if and only if 
the process po i s reg ular. 

Definition 2.2 3 (Quantum transition system specification). A quantum process transition rule 
p is an expression of the form . with H a set of expressions (t, g) —* {t', g') and ( t,g)P with t,t' e TF(E) 
and g , g' e D('H), called the (positive) premises of p, and t t' , called structural part of H and denoted as 
H s . And 7T an expression (t, g) ( t',g') or (t,g)P with t,t' e T(E) and g, g' e V(H), called the conclusion 
of p, and t —* t', called structural part of n and denoted as n s . The left-hand side of n is called the source 
of p. — is called the structural part of p and denoted as p s . A quantum process transition rule p is closed 
if and only its structural part p s is closed. A quantum transition system specification (QTSS) is a (possible 
infinite) set of trans ition rules. 

Definition |2.2[ 4 (Quantum reverse transition). There are two quantum processes (p, g) and (p', g'), 

two transitions (p, g) (p', g') and (p',p') -» (p, g), the transition (p',p') - » (p,g) is called reverse 

transition of p —■* p', and the transition (p, g) —>■ {p', g') is called forward transition. If (p, g) —>■ (p',g') then 
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( p',e ') 


a.[m ] 


(p, p), the forward transition (p, g) —>■ {p', g') is reversible. Where a\m\ is a kind of special 


quantum operation constant a[m] e Ax/C, K, 6 N, called the histories of an quantum operation a, and m e 1C. 

D e fi n i t ion \‘2.2\ 5 (Quantum forward-reverse bisimulation). A quantum forward-reverse (FR) bisim¬ 
ulation relation B is a binary relation on processes such that: (1) if (p, g)B(q,q) and (p, g) —> (p', g') then 
(?,?) ^ W a') with ( p',g')B(q',i /); (2) if ( p,g)B{q ,Q and (g,Q 4k (g',?') then (p,g) (p',p') with 

Q! I 777.1 Ot I TYl 1 

{P',g')l3(q',^); (3) if (p,g)B{q,q) and (p,p) -» (p',p') then (g,Q -» (g',<k) with (p 1 , g')B{q ',?'); (4) 

Ol I m I rv I TYi. I 

if ( P,g)B(q, q) and (g,c) -» ( 9 ',?') then (p, p) -» {p',e') with (p 1 , g')B(q',q'); (5) if (p,g)B{q,q) and 

( p,p)P, then (g,g)P; (6) if (p, g)B(q,q) and (g, QP, then (p, p)P. Two quantum process (p, g) and (g,g) are 
FR bisimilar, denoted by (p, g)^ r (q, c), if there is a FR bisimulation relation B such that (p,g)B(q,q). 

Definition |2.2[ 6 (Relation between quantum FR bisimulation and classical FR bisimulation). 
For two quantum processes, (p, g)^ r {q 7 ?) , with g = q, if and only if p+±> r q and g' - where g evolves 
into g' after execution of p and q evolves into q' after execution of q. 

7 (Quantum branching forward-reverse bisimulation). A quantum branching 


Definition 


2.2 


forward-reverse (FR) bisinrulation relation B is a binary relation on the collection of quantum processes 
such that: (1) if (p, g)B(q,q) and (p, g) —* (p', g ') then either a = t and (p ', g')B(q,q) or there is a sequence 
of (zero or more) r-transitions (q,q) —*■ ■■■ —*■ (qo , ft)) such that (p, g)B(qo,qo) and (go, ft)) —* (gk<k) with 
(p\ g')B(q',q'); (2) if (p, g)B{q,q) and (g,g) 4k (g',<k) then either a = r and (p, g)B{q',<;') or there is a 
sequence of (zero or more) r-transitions (p, g) —>■ ■■■ —* (po, go) such that (po, go)B(q 1 q) and (po, go) 4k (pk g') 
with (p r , g')B(q',<;'); (3) if (p, g)B(q,q) and (p, p)P, then there is a sequence of (zero or more) r-transitions 
(g,c) ••• ->■ (go,ft)) such that (p, g)B(q 0 ,ftj) and (g 0 ,ft))P; (4) if (p,g)B(q,q) and (g,g)P, then there is a 

sequence of (zero or more) r-transitions (p, g) —»■ ••• —► (po,Po) such that (po, Po)B(q, q) and ( Po,Po)P ; (5) if 

y.[m ] 


a\rn\ 


(p ', g') then either a = r and (p ', g')B(q , q) or there is a sequence of (zero or more) 
(go, ft)) such that (p, p)5(g 0 , ft)) and (g 0 ,?o) (g',ft') with (p', g')B{q',q'); ( 6 ) if 

(g', g') then either a = r and (p, g)B(q' ,q') or there is a sequence of (zero or more) 
(Po, go) such that (p 0 , g 0 )B{q , g) and (p Q , p 0 ) 


o:[m] 


(p,g)B(q,q) and (p, p) 
r-transitions (g,g) -*»■ 

(p,g)B(q,q) and (g,Q 

r-transitions (p, p) ••• (p 0 ,p 0 ) such that (p 0 , go)B{q,q) and (p 0 ,Po) (/,£>') with (p', g')B(q', q') 7 (7) 

if (p, p)£>(g, g) and (p, p)P, then there is a sequence of (zero or more) r-transitions (g,g) —» ••• —» (go,fti) such 
that (p, g)B(qo,So) and (go,ft))-P; ( 8 ) if (p, g)B(q,q) and ( q,q)P , then there is a sequence of (zero or more) 

r-transitions (p, p) —» ••• —» (po,f?o) such that (po, Po)B{q,s) and (po,go)P- Two quantum processes (p, p) 
and (g, <r) are branching FR bisimilar, denoted by (p, g)t±_{ r (g, Q, if there is a branching FR bisimulation 
relation 13 such that (p, g)B(q,q). 

Definition|2.2[8 (Relation between quantum branching FR bisimulation and classical branch¬ 


ing FR bisimulation). For two quantum processes, (p, p)y^^ r (g, <r), with p = ?, if and only if p<-*--' r g and 
p' = where p evolves into p' after execution of p and q evolves into q' after execution of g. 

Definition |2.2[ 9 (Quantum rooted branching forward-reverse bisimulation). A quantum rooted 
branching forward-reverse (FR) bisinrulation relation B is a binary relation on quantum processes such that: 
(1) if (p,g)B(q,q) and (p,p) 4k (p',p') then (g,Q 4k (g',?') with (p', p')i±( r (g',<k); (2) if (p,g)B(q,q) and 

(g,0 (g',?') then (p,p) 4k (p',p') with (p',p')^ r (g',?'); (3) if (p,p)B(g,Q and (p,p) (p',g') then 


(g,g) -^-4k» (g',g') with (p', p')^' (g', s'); (4) if (p,g)B{q,q) and (g,g) (g',g') then (p, p) (p',p') 

with (p', p')^ r (gk ?'); (5) if (p, p)B(g, g) and (p, p)P, then (g, ?)P; ( 6 ) if (p, p)B(g, ?) and (g, g)P, then (p, p)P. 

Two quantum processes (p, p) and (g,?) are rooted branching FR bisimilar, denoted by (p, g)±±£[(q, ?), if 
there is a rooted branching FR bisimulation relation B such that (p, g)B(q, Q. 

Definition 2.2 10 (Relation between quantum rooted branching FR bisinrulation and classi¬ 
cal rooted branching FR bisimulation). For two quantum processes, (p, q), with p = g, if and 

only if and g' = q', where p evolves into p / after execution of p and g evolves into ^ after execution of 

q- 

11 (Congruence). Let S be a signature and P(P) be the state space of the en- 


Definition 


2.2 
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vironment. An equivalence relation B on (t 6 T(E),p e U(7~L)) is a congruence, i.e., for each / e E, if 
(■ Si, 0 i)B(ti ,q) for i e {1,—,ar(/)}, then f({s 1 ,g 1 ),---,{s ar ( f ),g ar ( f )))Bf((t 1 ,<; 1 ),---, (t ar (f), W(/))- An equiv¬ 
alence relation 13 on (t e T(E),p e V{7i)) is a congruence, if for each / e E, SiBti for i e {1, •••, ar(/)}, and 


/(^ 1 ) ^ar(f) (^1 > ^ar(f) ) • 

Definition |2.2[ 12 (Quantum conservative extension). Let T 0 and T) be QTSSs over signature E 0 
and V(Hq), and Ei and V(J-ii ), respectively. The QTSS To®? 1 ! is a conservative extension of T 0 if the LTSs 
generated by To and To ffi Ti contain exactly the same transitions (t, g) A (t 1 , g') and (t, g)P with t e T(Eo) 
and peT>(7t 0 ), and T 0 ©T! = (EouE^TCHo^Hi)). 

Definition 2.2 13 (Relation between quantum conservative extension and classical conserva¬ 
tive extension). The QTSS ToffiTi is a quantum conservative extension of To with transitions ( t , g) —*■ (t ', g') 
and (t, g)P , if its corresponding TSS Tg ®T[ is a conservative extension of Tg with transitions t -A t' and tP. 


3. Modeling Entanglement in qRACP 

In the following, the variables x,x r ,y,y r , z, z r range over the collection of process terms, the variables v,ui 
range over the set A of atomic quantum operations, a,/3 e A, are closed items, r is the special con¬ 

stant silent step, 5 is the special constant deadlock, and the predicate A represents successful termination 
after execution of the quantum operation a, the variables v , uj range over the set A of atomic quantum 
operations, and the variable is, y range over the set C of atomic communicating actions. 

We define a kind of special action constant a[m] € Ax K. where K. e N, called the histories of a quantum 
operation a, denoted by a[m],a[n],--- where m,n e K. Let A - A u {A x 1C}. 

We consider entanglement as a kind of parallelism, i.e., information formed by entangled particles may 
be distributed over a long distance, and quantum operations manipulated on one particle not only change 
the information represented by this particle, but also those represented by other particles entangled with 
this particular particle, dramatically without any interactions among them. 

We use a parallel operator || to represent the whole parallelism semantics, a static parallel operator | to 
represent the real parallelism semantics, and a communication merge 5 to represent the synchrony, and an 
entanglement merge | to represent the novel entanglement parallelism. We call BRQPA ;16j extended with 
the whole parallel operator ||, the static parallel operator |, the communication merge operator B and the 
entanglement merge | also as Reversible Quantum Process Algebra with Parallelism, which is abbreviated 
to RQPAP. 

Since in qRACP, the atomic quantum operations with the same labels in different branches (including 
choice branches and parallel branches) are treated as the same one atomic quantum operation, the semantics 
of the static parallel with entanglement is the same as that of the static parallel without entanglement in 
qRACP. The semantics is captured by the following forward and reverse transition rules. 


{x,g) -A (v[m\,g') 

{x,g ) {x 1 , g') 

(x | y,g) ^ ( v[m\ | y,g') 

{x | y,g) {x 1 1 y, g') 

(v,q) {v[m],e') 

(y,e) (y',e') 

(X | y, g) ^ {x 1 v[m],g') 

(X | y,g) ^ {x I y',g') 

(x,g) A ( v[m],g’) (y,g) A (v[m],g') 

(x, g) {x', g') (y,g)(v[m],g') 

(x | y,g) ^ {v[m],g’) 

(x | y,g) {x' | v[m\,g') 

{x,g) ^ (v[m],g') {y,g) A (y',g') 

{x,g) (x',g') {y,g) A (y',g') 

{x \y,g) ^ (v[m\ \ y',g') 

(x | y,e) ^ {x' | y',e') 

( x,g) -» ( v,g } 

(x,g) -«■ (x',g') 

(x | y,g) -» (v | y,g') 

{x | y,g) —*■ (x' | y,g') 
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/ v I >\ 

(y,e) —» {v,q ) 


{y,g) {y',0') 


{x I y,g) 


j[m\ 


(x\v,g') (x | y, g) 


v\m ] 


{x | y',g') 


{x,g) 


j[m] 


A m \ 


[m] 


(v,g r ) (y,g) - »{v,g') (x,g) - »{x',g') {y,g) 


l;[ m] 


(v,e') 


{x | y,g) {v,g') 


{x | y,g) (x' | v,g') 


•A m \ 


L;[m] 


[m] 


{x, g) - »{v,g') {y,g) - »(y',g r ) (x,g) - »{x',g') {y,g) 


l j[m] 


(y',0') 


{X I y,g) (v I y',g') 


{x | y,e) (x 1 1 y 1 , g') 


Since atomic communicating actions are classical actions, we introduce a new set C of atomic communi¬ 
cating actions, and a communication function 7 : C x C -* C, and the variable v, g range over the set C of 
atomic communicating actions. The forward transition rules under QTSS for communication merge are as 
follows and say that the communication can be merged. 

(x, g) 4 (v[m],g) (y, g) (fi[m],g) {x, g) ^ {v[m\, g) (y, g) A (y 1 , g) 

(x 5 y,g) 7(iy,At) > ( 7 (v,ix)[m\,g) {x 5 y,g) ( 7 (z ',n)[m\-y',g) 


{x,g)^{x',g) (y,g)-> (y',g) 


(x, 0 ) (x\ g) {y, g) -> (n[m\,g) _ 

(x 8 y,g) 7(iy,/x) > ( 7 (v, 0 )[m\-x',g) {x 5 y,g) 7(l/ ’ M) > ('i(y,n)[m\ • x' || y',g) 

The reverse transition rules under QTSS for communication merge are as follows and say that the 
communication can be merged. 

(x,g) (v,g) {y,g) (y,g) (x, g) —» (v, g) {y, g) (y', g) 

(x 5 y,g) ( 7 (i/,/z),g> (ar 8 y, g) - [ ’ - l ( 7 ( 1 /, y) ■ y', g) 

{x,g) {x',g) (y, g) </x, g) (x,g) {x',g) {y , g) {y', g) 


{x 8 y, g) -- - -■- >> (7(1/, y) ■ x', g) (x 8 y, g) ■ ■ ' - >> (7(1/, y) ■ x' || y', g) 

The four forward transition rules of entanglement merge | are as follows. 

(x,g) (v[m],g') (y,g) (v[m],g') (x, g) (v[vi],g') (y, g) {y\ g') 

(x\y, g) (v[m\, g') {xty, g) ^ ( v[m] ■ y', g') 

(x,g) (x',g') {y,g) ^ (v[m],g') (x,g) (x',g') (y, g) (y ', g') 

(xty, 0 ) (v[m] ■ x\ gf) {xty, g) ^ (v[m\ ■ x' || y', g') 

the four reverse transition rules of entanglement merge | are as follows. 


/ \ I r\ I \ v / n / \ , n , > v . , ,, 

(®,£7— »\v,g) {y,g} — »{v,g) {x,g) - »(v,g) (y, g) {y , g } 


{xty, g) i {v,g') 


(x\y,g) (v-y',gf) 


/ \ ”l m l / 1 t\ / v "["d / 1 \ ^l m l / t /\ 1 \ / 1 i\ 

{x,g} - »{x,g) {y,g) - »{v,g) {x,g} - »{x,g) {y,g) -» (y , g } 


{xty, 0) 


L»[m] 


{v-x',g') 


{xty, 0) 


j[m] 


{v-x' || y',g') 


We can get the following conclusions. 

Theorem 1. RQPAP is a conservative extension of BRQPA. 
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No. 

Axiom 

RQP1 

x\\y = x\ y + x 5 y + x\y 

RQP2 

X \ X = X 

RQP3 

(x\y)\z = x\(y\z) 

RQP4 

x \ (y + z) = x \ y + x \ z 

RQP5 

(x + y)\z = x\ z + y\ z 

RQP6 

x-(y\z)=X’y\x’Z 

RQP7 

(x\y) ■ z = x ■ z\y ■ z 

RQC8 

v 8 cj = 7 (t>, lu) 

RQC9 

v[m] $ cj[m] = 7 ('U,a;)[m] 

RQC10 

? 

ii 

/ ’S> 

RQC11 

e 

? 

T 

II 

RQC12 

(v • x) $ uj = - x 

RQC13 

£ 

ii 

j? 

RQC14 

(v-x) 5 (w-y) = 7 (w,w)-(x II j/) 

RQC15 

(v[m\-x) } (ui[m]-y) = 7 (u,<v)[m] 

RQC16 

( x + y ) 5 z = x } z + y 5 z 

RQC17 

x 8 (y + z) = x 8 y + x 8 z 

RQE18 

v\v = V 

RQE19 

v[rn\\v[rn] = v[m ] 

RQE20 

v\(vy) =v-y 

RQE21 

v[m]$(v[m] • y) = v[m ] • y 

RQE22 

(v • x)%v = v ■ X 

RQE23 

(v[m] • x)\v[rn\ - v[m] • x 

RQE24 

(v-x)t(v-y) =v(x || y) 

RQE25 

(v[m\ ■ x)\(v[m\ ■ y) = v[m] ■ (x || y) 

RQE26 

(x + y)%z = x\z + y\z 

RQE27 

x%(y + z) = x%y + xfz 

Table 1. 

Axioms for RQPAP 


Proof. Since the corresponding TSS of BRQPA is source-dependent, and the transition rules for parallel 
operator ||, static parallel operator |, communication merge 5 and entanglement merge J contain only a 
fresh operator in their source, so the corresponding TSS of RQPAP is a conservative extension of that of 
BRQPA. That means that RQPAP is a conservative extension of BRQPA. □ 

Theorem 2. Quantum FR bisimulation equivalence is a congruence with respect to RQPAP. 

Proof. The structural part of QTSSs for RQPAP and BRQPA are all in panth format, so bisimulation FR 
equivalence that they induce is a congruence. According to the definition of quantum FR bisimulation, 
quantum FR bisimulation equivalence that QTSSs for RQPAP induce is also a congruence. □ 

We design an axiomatization for RQPAP illustrated in Table [lj 


Then, we can get the soundness and completeness theorems as follows. 

Theorem 3. £rqpap is sound for RQPAP modulo quantum FR bisimulation equivalence. 

Proof. Since quantum FR bisimulation is both an equivalence and a congruence for RQPAP, only the sound¬ 
ness of the first clause in the definition of the relation = is needed to be checked. That is, if s = t is an axiom 
in f rqpap and a a closed substitution that maps the variable in s and t to basic reversible quantum process 
terms, then we need to check that {o-(s), g)^ r (cr(t),s). 

Since axioms in £rqpap are sound for RPAP modulo FR bisimulation equivalence, according to the 
definition of quantum FR bisimulation, we only need to check if g' = </ when g - where g evolves into g' 
after execution of er(s) and <; evolves into after execution of cr(t). We can find that every axiom in Table 
[H meets the above condition. □ 

Theorem 4. £rqpap is complete for RQPAP modulo quantum FR bisimulation equivalence. 

Proof. To prove that £rqpap is complete for RQPAP modulo quantum FR bisilumation equivalence, it 
means that (s, g)^ r (t, <Q implies s = t. 
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It can be proved that £rqpap is complete for RPAP modulo FR bisimulation equivalence, that is, s++f r t 
implies s = t. 

(1) We consider the introduction to the static parallel |. 

We consider reversible process terms contains +, •, | modulo associativity and commutativity (AC) of the 
+ (RA1,RA2), and this equivalence relation is denoted by =ac- A reversible process term s then represents 
the collection of reversible process term t contains +, •, and | such that s =ac t. Each equivalence class s 
modulo AC of the + can be represented in the form sn | ••• | sp + ••• + Ski | ••• | Skm with each Sij either an 
atomic action or of the form t\ • t 2 - We refer to the subterms s l:] and .s tJ \ s,;j + \ are the summands of s. 

Then RQP2-RQP7 are turned into rewrite rules from left to right: 

X | X -*■ X 

(x\y)\z-*x\(y\z) 
x\ (y + z) -» x | y + x \ z 
(x + y) \ z x \ z + y \ z 
x-(y\z)-*x-y\x-z 
(x\y) ■ z -» x ■ z\y ■ z. 

Then these rewrite rules are applied to the above reversible process terms modulo AC of the +. 

We let the weight functions 


weight(v ) = 2 
weight(v[m ]) = 2 

weight(s +t) = weight(s) + weight(t ) 
weight(s ■ t) = weight (s) 3 • weight(t) 3 

weight(s \ t ) = weight(s) 2 ■ weight(t) 2 . 

We can see that the TRS is terminating modulo AC of the +. 

Next, we prove that normal forms n and n! with n*^ r n! implies n =ac n '■ The proof is based on induction 
with respect to the sizes of n and n'. Let n^/ r n'. 


• Consider a summand a of n. Then n a\m\ + u, so n+*/ r n' implies n' a[m] + u , meaning that n! also 

contains the summand a. 

a[m ] r . . a[m] 

• Consider a summand a[mj of n. Then n - » a + u, so n++J r n implies n -» a + u, meaning that n 

also contains the summand a[m]. 

• Consider a summand ay-ai---ak of n. Then n 

, a 1 a,i ak 

implies n —> ••• —*■ ■■■ — 

&1"'&i’"&k • 


... —L ••• —A ai[mi]-■ -ai[mi]-■ -ak[mk] + u, so n±A r n' 
Oi[mi]"-aj[TOi]-"Ofc[mfe] + u, meaning that n' also contains the summand 


Consider a summand ai[mi]---ai[mi]---ak[Tnk] of n. Then n 


ak[mk\ a;[m,i] oi[mi] 


n+^A r n' implies n‘ 


, ak[mk] a,i[mi] ai[mi] 


ay-af-ak + u , so 
ay-ai---ak + u , meaning that n' also contains the summand 


• Consider a summand a \ b of n. Then n o[m] | b+u a[m] | b[k]+u, or n a \ b[k]+u A a[m] | b[k]+u, 

so n++f r n' implies n' A- a[?n] | b + u —>■ a[m ] | 6[fc] + u, or n! —>■ a \ b[k ] + a[m] | b[k] + u, meaning 
that n' also contains the summand a \ b. 

a[m] 6[fc] r a[m] 

• Consider a summand | b[k ] of n. Then n -» a | b[k J + u —» a \ b + u, or n —» a[mj | b+u -» 

r a[m] r a[m] 

a \ b+u, so n+± Ir n implies n -» a \ b[k J + u —» a \ b + u, or n —» a[mj | b+u -» a | b + u, meaning 

that n' also contains the summand a[m] | b[k ]. 

• The summands as \ bt and a[m]s | b[k]t are integrated cases of the above summands. 
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Hence, each summand of n is also a summand of n'. Vice versa, each summand of n' is also a summand 
of n. In other words, n =ac n'. 

Finally, let the reversible process terms s and t contains +, •, and | be FR bisimilar. The TRS is terminating 
modulo AC of the +, so it reduces s and t to normal forms n and n! , respectively. Since the rewrite rules 
and equivalence modulo AC of the + can be derived from the axioms, s = n and t = n'. Soundness of the 
axioms then yields s*^ r n and so n**^ r s*±f r t**/ r n r . We showed that n^ r v! implies n =ac xi' . 

Hence, s = n =ac n' = t. 

(2) We prove the completeness of the axioms involve the parallel operator ||, the communication merge 
5 and the entanglement merge |. 

The axioms RQP1, RQC8-RQC17 and RQE18-RQE27 are turned into rewrite rules, by directing them 
from left to right. 


x\\y^x\y + x 5 y 
wlw-* 7 

v[m] 5 u)[m] -*■ ”f(v, w)[m] 
v 5 (wy) -» 7 (v,uj)-y 
v[m ] 5 (ui[m] ■ y)^/(v,ui)[m] ■ y 
(v ■ x) 5 ui -* 7(t>, w) • x 
(v[m]-x) 5 u)\m\ -»■ n f(v,ui)[m] ■ x 
(v-x) 5 (u>-y)->y(v,u>)-(xHy) 

{v[m\ ■ x) 5 (w[m] • y ) 7 (v,u)\m\ ■ (x || y ) 

(x + y) 5 z x 5 z + y 5 z 
x§(y + z)^-x§y + x§z 
v\v -*■ v 

t >[m]|u[?n] -*■ v[m] 
v\(y-y) -+vy 
v\rn\%{v\m\ ■ y) -*■ v\m\ ■ y 
(v ■ -*■ v ■ x 

(u[to] • x)\v\m\ -*■ v\m\ ■ x 
(v-x)\(v-y ) ->v(x\\y) 

(v[m] ■ a;)|(u[?n] • y) -*■ v[m] ■ (x || y) 

(x + y)\z -> x\z + y%z 
x\(y + z) -*■ x\y + x\z 

Then these rewrite rules are applied to the above reversible process terms modulo AC of the +. 
We let the weight functions 


weight(v) = 2 
weight(v[m ]) = 2 
weight(ui) = 2 
weight(ui[m\ = 2) 
weight(u>[n ] = 2) 



Draft of Entanglement in Reversible Quantum Computing 


9 


No. 

Axiom 

RQE28 

ujo; = 8 

RQE29 

u[m]t^[n] = 8 

RQE30 

8%x = 8 

RQE31 

a:t<5 = 8 

RQE32 

v%(ui-y) =8 

RQE33 

u[m]t(o;[n] ■ y) = 8 

RQE34 

(v ■ x)\u = 8 

RQE35 

(v\m\ ■ x)\u\n\ = 8 

RQE36 

(v ■ x)t(uj ■ y) =8 

RQE37 

(v[m\ ■x)X{ui[n\ ■ y) = 8 

Table 2. 

six extra axioms for ARQCP 


weight(s + t) = weight(s) + weight(t) 
weight(s ■ t ) = weight(s) 3 ■ weight(t) 3 
weight(s \ t ) = weight(s) 2 • weight(t) 2 
weight(s i f) = weight(s) 2 ■ weight(t) 2 
weight(s%t ) = weight(s) 2 ■ weight(t) 2 

weight(s || t) = 3 • (weight(s) 2 ■ weight(t) 2 ) + 1. 

We can see that the TRS is terminating modulo AC of the +. 

We prove that normal forms n do not contain occurrences of the remaining three parallel operators ||, 5 
and |. The proof is based on induction with respect to the size of the normal form n. 


• If n is an atomic action, then it does not contain any parallel operators. 

• Suppose n =ac s + t or n =ac s • t or n =ac s \ t or riACstt ■ Then by induction the normal forms s and t 

do not contain ||, 5 and so that n does not contain ||, 5 and | either. 

• n cannot be of the form s || t, because in that case the directed version of RP1 would apply to it, 

contradicting the fact that n is a normal form. 

• Suppose n =ac s 5 t. By induction the normal forms s and t do not contain || and 5 . We can distinguish 
the possible forms of s and t, which all lead to the conclusion that one of the directed versions of 
RQC8-RQC17 can be applied to n. We conclude that n cannot be of the form s 5 t. 

• Suppose n =ac By induction the normal forms s and t do not contain || and $. We can distinguish 
the possible forms of s and t, which all lead to the conclusion that one of the directed versions of 
RQE18-RQE27 can be applied to n. We conclude that n cannot be of the form sjf. 


Hence, normal forms do not contain occurrences of parallel operators ||, 5 and J. In other words, normal 
forms only contains +, • and |. 

Finally, let the reversible process terms s and t be FR bisimilar. The TRS is terminating modulo AC of 
the +, so it reduces s and t to normal forms n and n' , respectively. Since the rewrite rules and equivalence 
modulo AC of the + can be derived from the axioms, s = n and t = n! . Soundness of the axioms then yields 
s±^ r n and so n+±f r s++f r t++f r n'. We showed that n*^ r n' implies n =ac n ' ■ Hence, s - n -ac n r = t. 

( s , g)^/ r (t,g) with g = g means that s^/ r t with g-g and g' = g 1 , where g evolves into g' after execution 
of s and ? evolves into g' after execution of t, according to the definition of quantum FR bisimulation 
equivalence. The completeness of £rqpap for RPAP modulo FR bisimulation equivalence determines that 
£rqpap is complete for RQPAP modulo quantum FR bisimulation equivalence. □ 

For deadlock constant S and encapsulation operator Oh, ten extra axioms should be added, as Table [2] 
shows. 


We can easily get that the new axiomatization £arqcp is sound for ARQCP modulo quantum FR 
bisimulation equivalence, and the new £arqcp is complete for ARQCP modulo quantum FR bisimulation 
equivalence. 
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Fig. 1. The E91 protocol. 

4. qRACP with Entanglement Support 

Now, we consider the influence of the new ARQCP with entanglement to the whole qRACP, i.e., ARQCP-RP 
with guarded recursion and ARQCP-RP r with guarded recursion. 

Guarded recursion defines infinite computation through guarded recursion specifications. Extension to 
guarded recursion based on the new ARQCP has almost no influence comparing with that in qRACP. The 
axiomatization f arqcp-rp + RDP + RSP is sound and complete for ARQCP-RP with linear recursion 
modulo quantum FR bisimulation equivalence. 

Similarly, the new ARQCP does not influence ARQCP-RP r with guarded recursion, i.e., £arqcp-rp t 
+ RSP + RDP + CFAR is sound and complete for ARQCP-RP T with guarded linear recursion, modulo 
quantum rooted branching FR bisinrulation equivalence. 

But, entanglement merge J makes entanglement explicit in qRACP. Based on the framework of quantum 
process configuration (p, g), by introducing silent step r and abstraction operator tj, the definition of g only 
records the so-called public quantum variables and claim that a r operation only manipulates on entangled 
quantum variables which should be included in the so-called private variables. Now, we explicitly define a 
new entanglement merge to model entanglement in quantum processes and this declaration can be moved 
away. 


5. Verification for Quantum Protocols with Entanglement — The E91 Protocol 

With support of Entanglement merge |, now, qRACP can be used to verify quantum protocols utilizing 
entanglement within the framework of reversible quantum computing. The E91 protocol P~D| is the first 
quantum protocol which utilizes entanglement and mixes quantum and classical information. In this section, 
we take an example of verification for the E91 protocol. 

The E91 protocol is used to create a private key between two parities, Alice and Bob. Firstly, we introduce 
the basic E91 protocol briefly, which is illustrated in Fig[^ 

1. Alice generates a string of EPR pairs q with size n, i.e., 2 n particles, and sends a string of qubits qb from 
each EPR pair with n to Bob through a quantum channel Q , remains the other string of qubits q a from 
each pair with size n. 

2. Alice create two string of bits with size n randomly, denoted as B a and K a . 

3. Bob receives qb and randomly generates a string of bits Bb with size n. 

4. Alice measures each qubit of q a according to a basis by bits of B a . And the measurement results would 
be K a , which is also with size n. 

5. Bob measures each qubit of qb according to a basis by bits of Bb- And the measurement results would be 
Kb, which is also with size n. 

6 . Bob sends his measurement bases Bb to Alice through a public channel P. 

7. Once receiving Bb, Alice sends her bases B a to Bob through channel P, and Bob receives B a . 

8 . Alice and Bob determine that at which position the bit strings B a and Bb are equal, and they discard 
the mismatched bits of B a and Bb. Then the remaining bits of I\ a and Kb, denoted as K' a and K' b with 
K oJ) = K = K{, 

We re-introduce the basic E91 protocol in an abstract way with more technical details as FigjTJillustrates. 
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Now, M[q a ;K a ] denotes the Alice’s measurement operation of q a ; M[q b ; K b \ denotes the Bob’s mea¬ 
surement operation of q b . Alice sends qb to Bob through the quantum channel Q by quantum communi¬ 
cating action sendQ(qb) and Bob receives qb through Q by quantum communicating action receiveQ(qb). 
Bob sends Bb to Alice through the public channel P by classical communicating action sendp(Bb) and 
Alice receives Bb through channel P by classical communicating action receivep(Bb), and the same as 
sendp(B a ) and receivep(B a ). Alice and Bob generate the private key K ah by a classical comparison action 
cmp(K a fi, K a , Kb, B a , Bb). Let Alice and Bob be a system AB and let interactions between Alice and Bob be 
internal actions. AB receives external input D j through channel A by communicating action receiveA{D i ) 
and sends results D 0 through channel B by communicating action sends(D 0 ). 

Then the state transition of Alice can be described by qACP as follows. 

A- ^ receiveA(Di) ■ Ai 

Die A; 

A\ = send Q (q b ) ■ A 2 

A 2 = M[q a \K a \ ■ A 3 

A 3 = M[q b ;Kb\ ■ A 4 

A 4 = receivep(Bb) • A 5 

A 5 = sendp(B a ) ■ A 6 

Ag — cmp(K a ,b, A a , Kb, B a , Bb) ■ A 

where A, is the collection of the input data. 

And the state transition of Bob can be described by qACP as follows. 


B = receiveQ(qb) ■ B\ 

Bi - M[q a ; K a \ ■ B 2 

B 2 = M[qb ; Kb] ■ B 3 

B 3 = sendp(Bb) ■ B 4 

B 4 = receivep(B a ) ■ B 3 

B 3 — cmp(K a b, K a . Kb, B a , Bb) * Bq 

B 6 = ^ send B (D 0 ) ■ B 
D a e A 0 

where A 0 is the collection of the output data. 

The send action and receive action of the same data through the same channel can communicate each 
other, otherwise, a deadlock 6 will be caused. The quantum operation and its shadow constant pair will lead 
entanglement occur, otherwise, a deadlock S will occur. We define the following communication functions. 


7 (send Q (qb) ,receive Q (q b )) = CQ(q b ) 

7 (sendp(Bb),receivep(Bb)) - cp(Bb) 

7 (sendp(B a ),receive P (B a )) = c P (B a ) 

Let A and B in parallel, then the system AB can be represented by the following process term. 

T/(a H (A || B)) 

where H = {sendQ(qb),receiveQ(qb),sendp(Bb),receivep(Bb),sendp(B a ),receivep(B a ), 

M[q a ; K a \,M[q b ; K b ], } and / = {cQ(q b ),cp(B b ),cp(B a ),M[q a -K a ],M[q b -, K b ], 
crnp(K a tb ,K a ,K b ,B a ,B b )}. 

Then we get the following conclusion. 

Theorem 5. The basic E91 protocol Tj(ds(A || B)) exhibits desired external behaviors under the 
framework of reversible quantum computing. 
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Proof. 

d H (A || B) = Y receive A {Di ) • d H (Ai || B) 

DuAi 

9h{A\ || B) = CQ(q b ) • d H (A 2 || B 4 ) 
d H (A 2 || BO = M[q a ;K a ] ■ d H (A 3 || B 2 ) 

9h{A 3 || B 2 ) = i4r b ] || B 3 ) 

9h{A± || B 3 ) = cp(B b ) ■ 8 h(A 5 || B 4 ) 

9h(A 5 || B 4 ) = cp(B a ) • 8 h(A 6 || B s ) 

II B s ) = cmp(K atb ,K a ,K b ,B a ,B b ) • 3* (A || B s ) 

|| B 5 ) = cmp(K atb ,K a ,K b ,B a ,B b )-d H (A || B 6 ) 

5 h (A||B 6 )= £ send B {D 0 )-d H {A\\B) 

D 0 tA 0 

Let dn(A || B) = (Xl|B), where E is the following guarded linear recursion specification: 
{Xi= Y receive A (Di)-X 2 ,X 2 = c Q (q b ) ■ X 3 , 

Da A, 

X 3 = M[q a ; K a ] ■ X 4 , X 4 = M[q b - K b \ -X 5 ,X 5 = c P (B b ) ■ X 6 , X 6 = c P (B a ) • X 7 , 

X 7 — ciJip(^K a bl K a , E b , B a , B b ) • Xg, Xg — ci 7 ip(K a b , E ai K bl B a , B b ) • Xg , 

X 9 = Y send B (D 0 ) ■ X ± } 

D 0 t A 0 

Then we apply abstraction operator tj into {X\\E). 


T i{(X\\E)) = Y receive A (Di) ■ tj((X 2 \E)) 

DitAi 

= Y receive A (Di) • t 7 ((X 3 |£)) 

DitAi 

= £ receive A (Di) ■ t 7 ((X 4 |£’)) 

Dit Ai 

= £ receive A (Di) ■ tj((X 5 \E)) 

DitAi 

= £ receive A (Di) ■ rj((X e \E)) 

DitAi 

= £ receive A (D t ) ■ t 7 ((X 7 |£)) 

DitAi 

= £ receive A (Di) ■ tj((X s \E)) 

DitAi 

= £ receive A (Di) • t 7 ((X 9 |£}) 

DitAi 

- E E receive A {Di ) • send B (D 0 ) • t 7 ((Xi|£}) 

DieAi D 0 tA 0 


We get r/((Xi|B}) = Y.D 0 zA o receive A (D i ) ■ send B (D 0 ) • t 7 ((Xi|£», that is, r 7 (3^(4 || B)) = 

T,DitAi Y,D o tA o rece i ve A(Di)-send B (D 0 )-Ti(dH(A || B)). So, the basic E91 protocol Ti{d B {A || B)) exhibits 
desired external behaviors under the framework of reversible quantum computing. □ 
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6. Conclusions 

We explicitly model entanglement under the framework of reversible quantum computing. Different to mod¬ 
eling of entanglement in quantum computing, the shadow constant is unnecessary. And also, as a kind of 
parallelism, entanglement merge is also quite different. 

So, most quantum communication protocol can be verified under the framework of reversible quantum 
computing, like the E91 protocol as showed in section 5. 
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